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Errors Due to Bed-Temperature Gradients
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The error introduced by bed-temperature gradients on kinetic data obtained from
real differential packed-bed catalytic reactors is considered. Results are presented as
upper bounds for such error, which result from considering simplified forms of the
differential energy balance in the reactor. These bounds may help in designing proper
experimental conditions to achieve practically isothermal opcration in ecatalytic
kinetic studies. An illustrative example is given.

INTRODUGCTION

The advantages of differential reactors
in kinetic studies have been largely recog-
nized, mainly because of the easy handling
of their ratec data to establish a rate
equation.

One of the most serious limitations of
these reactors is, however, that working at
very low conversion levels, the accuracy of
the rate measurements usually decreases,
while large conversions may lead to severe
variations of the local reaction rate within
the reactor, which invalidate the “differen-
tial” character of the subsequent analysis.

It 1s then convenient to develop some
criteria to see how much the conversion
level may be increased without a significant
loss of accuracy in the treatment of the
rate data.

The variation of local reaction rate arises
from two coupled effects: composition and
temperature changes within the reactor
volume. These changes may occur at the
level of particle dimensions (intraparticle
composition and temperature gradients)
and at the level of reactor dimensions (bed
composition and temperature gradients).
This note is concerned only with bed com-
position and temperature gradients, since
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satisfactory eriteria have been developed
and largely used to avoid mass and heat
transfer problems at the level of particle
dimensions ().

Since mass and energy balances in the
bed are interrelated to each other, the exact
solution of the problem implies the simul-
taneous solution of heat and mass differen-
tial equations, although, the complexity of
the problem and the high number of vari-
ables involved would lead to solutions of
no generality and of little use from a prac-
tical point of view. Another approach which
seems more convenient for our purpose con-
sists in a separated analysis of the effect
of composition changes, assuming con-
stancy of temperature, and the effect of
temperature gradients, assuming constant
composition on the systematic error due to
local variations of reaction rate, introduced
when giving differential treatment to the
data.

Of course, the results obtained by the
proposed method are valid only if the
analysis leads to the conclusion that both
composition and temperature gradients are
not important.

The effect of composition changes on the
error, under isothermal conditions, has been
partially eonsidered by Pauls (1), who
estimated the influence of conversion on the



error introduced by giving differential
treatment to his data for the catalytic hy-
drogenation of ethylene. More recently,
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have extended this analysis to most of the
rate expressions frequently found in engi-
neering kinetic studies. Their results indi-
cate that, under isothermal conditions, con-
of the of 10-15% may
usually be used for irreversible reactions,
without a significant loss of accuracy.
These relatively large conversions may,
however, give place to considerable temper-
ature differences within the reactor volume
and, in fact, these temperature differences,
more than the composition change, may be
in many cases the controlling factor on the
systematic error, when the reaction is
highly exo or endothermic and concentra-
tion of reactants in the feed 1s relatively
large.
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This paper considers this part of the
problem, and develops a simple criteria to

estimate the magnitude of the error intro-
duced by bed-temperature gradients in the
kinetic treatment of rate data from real
diffarant
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Tre SystEMATIC ERROR

To evaluate this error, a similar criteria
to that used in reference (3) is used here.
Equation (1) represents the true kinetic
relationship between reaction rate, composi-
tion, and temporature This relation holds
at any pOlnE ]Il l;IlE It‘d(JL()l, uuu SlnCe COtl-
position and temperature change in some
extent along the reactor volume, r is not a
constant but varies from point to point;
the measured value 7, is an average value

r=5C,T). M

In the analysis of the rate data by the
differential method in order to obtain a
rate equation, a reference composition, €,
and temperature, T, are assigned to each
measured value of 7, and 0'enemlly the true
kinetic relationship given by Eq. (1) does
not hold between 7, €, and T, and a sys-
tematic error is mtroduced by this fact,
which is given by Eq. (2) as follows:
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BE) = (F -7/t = (7/1) — 1. (2)

where # is the reaction rate that would be
observed if the whole reactor volume oper-
ates at the reference composition and tem-
perature, i.c., # = f(C, T) and

(F/¥) = (1/ V) L /YA .

For the sake of simplicity, the follow-
ing assumptions are considered:

1.
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Packed bed tubular catalytic re-
actor with wall held at constant
T
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proheatlna and calming sections are
provided so that fluid reaches the
catalyst zone at temperature 7;
Plug flow of fluid and steady-state
operation;

. Temperature effect on reaction rate
an be properly accounted for by
the Arrhenius law, within the smali
range of temperatures oceurring in
the catalyst bed;

Composition changes along the re-
actor are not important‘

Bed- Ht‘d.LLUI \xau) heat transfer re-
sistance 1s not significant (not a
severe restriction for large ratios of
reactor/particle diameter);

T, is chosen as rcference temper-
ature (T =T,).
other values for the reference tem-
perature will be briefly discussed
below.

ot

T} e
The convenience of

Because of assumptions 3, 4, and 6,

(r/i) = exp(A — A/6), where A = Ar-
rhenius number = E/(R,To) and @ =
T/T7 Thon Fo (‘)) hecomes

/& g. 21TL, Y. & SeCOIe:

(SE) = (1/V5) A "2 exp(A — A/0)dVr — 1.
4

Evaluation of (SE) by Eq. (4) requires
the knowledge of the temperature field in
the catalytic zone of the reactor. This can
be done by integration of the dimension-
less partial differential Eq. (5), which re-
sults from sectting up a differential energy

halance in the reactor.
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_ A = L0 <-1>3< ?_Q)
exp(d — 4/6) = ¢; 9z + 6w dz \' 3z
heat source by  heat heat dissipa-

chemical dissi- tion by radial
reaction pa- conduction
tion
by
flow
(—1) 620 -
+ ¢a az2 (O)
heat dissi-
pation
by axial
condue-
tion
where
¢a = (—AH)Lro/(k.To), (6)
= (—AH)Lry/(GC,To), (7
and

= (—AH)R?y/(k,Ty). 8

Solution of Eq. (5) is too involved to be
useful from a practical point of view. A
great simplification of the problem can be
done, however, to obtain upper bounds for
the absolute value of (SE). In fact, the

higher values for the temperature gradients
than those corresponding to the real situa-
tion. These simplified equations can be
used to predict wpper bounds for the ab-
solute value of (SKE) for the general case
where the three mechanisms of heat dissi-
pation may be significant.

Simplification 1. Only heat dissipation
by radial conduection is considered:

_ (= 1)1(.@)
exp(4A — A/0) = o i z )
6 =1atz = 1and (d§/dzx) =
atz =0. (9

Equation (9) was numerically integrated
hy standard methods to obtain the 6 field;
and this result is introduced into Eq. (4),
which for this case reduces to (10) in order
to compute an upper hound for (SE).

(SE), = 2 [)1 exp(d — A/6)xdzr — 1

= f(A¢:) (10)

An analytic asymptotic solution for
(SE), is obtained by linear expansion of
the exponential term: exp(d — A4/6) =~
14+ A(6—1) in Eq. (9), which becomes
a Bessel's equation and in Eq. (10) to give

three terms of the right side of Eq. (5) can 6 (1 — 22 (Aé)(1 — a9)
be regarded as parallel paths of heat dis- 1 - 644
sipation; and under the boundary conditions 0=1+ Aoy . (Ae)
implicit in assumption 1 (see Fig. 1), all 1 - —4L + _Mr— -
these three terms have equal sign. Hence, (11)
dropping any pair of them lead to simpli-
fied differential equations which will give and
pre-heating calming
zone N catalytic zone J; Zone
isl oy 1e 2 ! {l=n
_.—. ______ — — —- .—‘—..-—'—- ............... }_
T=To 45 ﬁlzalﬁ T=To
for O<x<l t L N for O<x«l
} 1
reactor wolll ' silding thermocuple
at Ty for medsuring (Tq);

Fra. 1. Scheme of reactor.
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(4¢,)  (Ag,)*
S 86
(A | (4¢))?

-3t

= (4¢,)/8.

Equation (12) shows that, as (SE), be-
comes small, it becomes a function of the
single parameter (4é,).

Simplification 2. Only heat dissipation
by flow is eonsidered:

+

(SE), =

1

(12)

exp(A — A/8) = (1/¢,)(d8/dz),

g=1latz=0. (13

Equation (13) was integrated to give the
temperature field, and this result intro-
duced into Eq. (4), which for this case
transforms into Eq. (14), to compute an
upper bound for (SE).

(SE); = ["exp(4 — 4/6)dz — 1 = [(A,9,).
(14
Again an asymptotic solution can be ob-

tained by linear expansion of the exponen-
tial term in Eqs. (13) and (14) to give
14 406 — 1) = exp(dé) (15

and

gy~ XpAey) — 1
(SE), =~ (Ao, 1.

Since Eq. (16) only applies for small values
of (A¢y), the exponential can be expanded
In series to give

(16)

(SE), >~ %;f) + (Ag)? + ..

: 2 (492

(7)

This asymptotic solution also shows that
as (SE); becomes small; it can he repre-
sented as a function of a single parameter:
(Agp).

Simplification 3. Only heat dissipation by
axial heat conduction from the reaction
zone: This case seems far from represent-
ing any real situation, and would lead to a
too conservative upper bound for (SE) to
be useful. For this reason iz not considered
here.

REesurts
The computed results for (SE), and
(SE); vs the parameters (4¢,) and

(A¢y), respectively, are presented in Figs.
2 and 3. Since usually the value of A ranges
between 5 and 50, most of the results fall
within the shadowy regions. The asymp-
totic xolutions (Eqs. (12) and (17)) give a
good representation of these results for
values of (SE), and (SE); up to about
10%.

The usc of ¢, and ¢, have the disadvan-
tage of requiring the value of 7, (which is
not a measured value) in their calculation.
It is then convenient to define the modified
parameters ¢, and ¢;:

. (—AH)L7 _ _(-—AH)Z/ROXB/

=G, T T,
= (1 + (SE))¢, (18)
and
- _ (=AH)R¥ _ (—AH)F 3, X 5,
¢r . lx\‘rT() TLkrTO
= (1 + (SE)¢,. (19)
20
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Fig. 2. (SE), vs (4¢,).
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20 A =50
e} A=S0 A=5 . 16l A=5
----- Eq. 20 -\
12} =05 - 2 /. A=0S
8t . 8l
al ] 4 7
it ® |
W g 008 016 024 032 = o 04 08 12 16
e |A@E| u C1AB
] |AR|
-4l 4 -4l
8| _ RN
-2 - \\ ~~A=50
12 4S04 -12t
Xy, /A5
- A=5 =
16+ A=0.5 -4} AP0\
-20 -20
Fia. 3. (SE); vs (Adé,). Fia. 4. (SE), vs (4 ,). The dotted line corresponds

i to the as totic solution: (SE), = (4&,)/8.
Figures 4 and 5 are plots of the results ’ ymptotic solution: (SB), = (4.)/

wobtained for (SE), and (SE); in terms of 20 50
the modified parameters (A¢,) and (Ag)). A
For small values of (SE), these results are 16y A=5
closely given by Egs. (20) and (21): |77 Eo. 21 A=0S
12 -
(SE), = (44,)/8 (20)
and sl /
(SE), = (46))/2 (21)
These equations can be used to estimate R 4t
the order of magnitude of the sys:tema'gic u 008 016 024 032
error due to bed-temperature gradients in w © —+ —+ t
fixed-bed catalytic studies. So, in order to o JAB}
assure that (SE) is below 1% will suffice -4 L
that either (A,)/8 <001 or (Ad)/
2 < 0.01 (since both (SE), and (SE); must 8
be upper bounds for (SE)). This can be ac- i
complished by proper design of reactor A=50
dimensions, by limiting the extent of con- =12
version and by dilution of the catalyst with A=0.5 A=S
inert particles to reduce 7. -8l
Reference Temperature other than T -20

Sometimes the reactor setup aIIQWs th'e Fi6. 5. (SE); vs (4$y). The dotted line corresponds
measurement of bed temperatures in posi- tq the asymptotic solution (SE), = (A4¢,)/2.
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tions other than the reactor wall; in par-
ticular along the reactor axis by means of
a sliding thermocouple. In such casges it is
more convenient to use a temperature other
than T, as reference temperature. The best
choice of this temperature, usually a mean
value, depends on the relative importance
of the three terms of heat dissipation in
Eq. (5). If radial heat conduction is pre-
dominant: (SE), € (SE);, a mecan tem-
perature caleulated under the assumption
of parabolic radial temperature profile is
recommended for T (Eq. (22)). If heat dis-
sipation by flow is predominant: (SE}, >
(SE),, a mean value obtained assuming flat
radial temperature profile for each value
of z is the best choice for T (Eq. (23)). If
(SE), and (SE); are of comparable order
of magnitude, perhaps an average between
the previous values (Eq. (24)) will be a
suitable choice for 7.

i=n

(1/2n) E

1=1

recommended for (SE), « (SE),.

T

(Tu + T0)1~
(22)

TV

(1/n) E (T
recommended for (SE), > (SE),.

(23)

T = (1/4n) E (3Tw 4 To)i:
=1

recommended for (SE), = (SE),. (24)
If one of the three paths of heat dissipation
is largely predominant, then the use of a
proper value for T drastically reduces the
extent of (SE), as shown by Table 1. It
should be emphasized, however, that this
strong reduction in (SE) will occur if only
onc of the mechanisms of heat dissipation
is significant in the real situation. If that
is the case, the small remaining value for
(SE) arises from the nonlinearity of re-
action rate upon temperature.

ILLUSTRATIVE EXAMPLE

Maymd and Smith (4) have studied the
kinetics of the hydrogen—oxygen reaction
over platinum-alumina catalyst. Their par-
ticle runs were carried out in a fixed-bed

TABLE 1
TypicaL CompuTED VaLves or (SE) For
DIFrERENT CHOICES OF REFERENCE
TEMPERATURE '

Case where only heat dissipation by radial heat
conduction is important (A¢,; = 0; A¢, = 0)

(SE)
Computed
Computed for 7'

for given by

(A, A (Agr) T =T, Fq.(22)
0.825 50.0 0.935 13.229, —0.05%
0.835 5.0  0.942  12.8% —0.10%
—1.21 500 —1.07 —11.79% —0.01¢
—3.02 5.0 —2.30 —23.55C, —0.53G,

Case where only heat dissipation by flow is
important (Ad¢, =2 0; d¢, = 0)

(SE)
Com-

puted for

Computed 7 given

for by

(Ao A (A T=7T, Eq.(23)

0.200 50.0 0.223 11.53% 0.229,

0.200 5.0 0.222 11.199% 0.119

—0.200 50.0 —0.182 —-8.86% 0.159%,

—=0.200 5.0 —0.182 —9.04%, 0.099,
reactor which closely approached the

houndary conditions stated in this paper.
It is desirable to estimate the error due to
bed-temperature gradients in their data.

Data from Their Run No. 47
Reactor internal radius: R = 0.45 cm;
Length of catalyst bed: L = 3.5 em;

Heat of reaction: (—AH) = 57 800

cal/(mole of H.O);
Total feed rate: 5.67 X 10-° mole/sec;

Mass of catalyst: 0.01801 g (catalyst
was strongly diluted with glass beads
to reduce bed-temperature gradients);

Reaction rate per unit mass of catalyst:
592 % 10% (mole of H.O)/(sec) (g-
catalyst) ;
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Reaction rate per unit volume of cata-
Iytic bed: 7 = 048 X 10 (mole of
H,0)/ (sce) (em® of bed);
Temperature of reactor wall:
100.1°C = 373.3°K;

Activation energy: K =5 230 cal/
mole;

Mass velocity: G = 8.9 X 10%(mole)/
(sec) (em?) ;

Heat capacity of fluid: €, = 7.1 cal/
(mole) (°K);

Effective radial thermalconduectivity:
E,=2Xx10% (cal)/(em) (sec) (°K),
(estimated value), where

A = E/(R,Ty) = 5230/(1.987 X 373.3)
= 7.05,

Ty =

& = ("AH)sz/(krT())
— (57 800 X 0.45* X 0.48 X 10-%)/
(0.002 X 373.3)
= 0.0075,
é; = (—aH)L7/(GC,To)
= (57 800 X 3.5 X 0.48 X 107%)/
(8.9 X 1075 X 7.1 X 373.3) = 0.41,

(SE), = (A, = (7.05 X 0.0075)/8
= 0.0066
and

(SE), = (4¢;) = (7.05 X 0.41)/2 = 1.45.

These two values are upper bounds for
(SE). Hence, if for such run the temper-
ature 7T, is assigned to the measured reac-
tion rate, the systematic error due to bed-
temperature gradients would be smaller
than 0.0066 (0.66%). The fact that (SE),
is in this case much smaller than (SE);
merely means that under the experimental
conditions of this run, the mechanism of
heat dissipation by radial eonduction was
much more important than the heat dissi-
pation by flow; and (SE), will be quite
close to (SE). On the other hand, (SE); is
a too conservative upper bound for (SE),
of little value. These results support the
use of an average temperature estimated
assuming a parabolic radial profile instead
of T, as the reference temperature. Such
average temperature was estimated to be
100.5°C for the considered run (from mea-

surement of reactor wall temperature and
axis temperature), which was the reference
temperature used in that work.

NOMENCLATURE
A Arrhenius group: £/R,T,
B reference reactant
C composition (appropriate units)
C reference composition (appropriate
units)
C, molar heat capaeity of fluid (cal/
mole °K)
E activation energy (cal/mole)
Fg, feed rate of reactant B (mole/sec)
7 mass velocity (mole/cm? sec)
k, radial effective thermal conduc-
tivity (cal/em sec °K)
ka axial effective thermal condue-

tivity (cal/em sec °K)

L length of catalytic bed (cm)

r volumetrie reaction rate (mole of
B)/(sec) (em? of catalytic bed)

7 reaction rate at reference tem-
perature and composition (mole of
B)/(sec) (em?® of catalytic bed)

F average reaction rate (mole of
B)/(sec) (em? of catalytic bed)

R radius of catalytic bed (em)

R, gas constant (cal/mole °K)
(SE) systematie error, defined by Eq.
{2)
(SE), upper limit of (SE) given by

Simplification 1

upper limit of (SK) given by
Simplification 2

T temperature (°K)

(SE),

T, temperature at reactor wall (°K)
7,  temperature at axis position (°K)
T reference temperature (°K)
Ve volume of catalytic bed (cm?)
X dimensionless radial position
Xps exit conversion of reactant B

Yo mole fraction of B in the feed
2 dimensionless axial position

Greek Symbols:

AH heat of reaction (cal/

mole of reactant B)

dimensionless  groups,

defined by Egs. (6), (8),

(7), (19) and (18)

6 dimensionless tempera-
ture: T/T,

¢ar ¢r7 ¢fy $r: ‘5]
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